
Example 6.21
To prove that f(x, y) = x2 + y2 is convex, let wx, wy, zx, zy ∈ R and λ ∈ [0, 1] be given. We wish to show that

(λwx + (1− λ)zx)2 + (λwy + (1− λ)zy)2 ≤ λ(w2
x + w2

y) + (1− λ)(z2x + z2y).

We start by nothing that because 0 ≤ λ ≤ 1 λ ≥ λ2 and (1− λ) ≥ (1− λ)2 and also

λ− λ2 = λ(1− λ) = (1− λ)− (1− λ)2. (1)

Therefore,

λw2
x + (1− λ)z2x −

(
λwx + (1− λ)zx

)2
= λw2

x + (1− λ)z2x − λ2wx − 2λ(1− λ)wxzx − (1− λ)2zx

= (λ− λ2)w2
x +

(
(1− λ)− (1− λ)2

)
z2x − 2λ(1− λ)wxzx

= (λ− λ2)w2
x + (λ− λ2)z2x − 2(λ− λ2)wxzx by (1).

But then,

λw2
x + (1− λ)z2x −

(
λwx + (1− λ)zx

)2
= (λ− λ2)(w2

x − 2wxzx + z2x) = (λ− λ2)(wx − zx)2 ≥ 0.

The same argument can be repeated for wy and zy. So

λf(wx, wy) + (1− λ)f(zx, zy) = λ(w2
x + w2

y) + (1− λ)(z2x + z2y) ≥
(
λwx + (1− λ)zx

)2
+
(
λwy + (1− λ)zy

)2
= f(λwx + (1− λ)zx, λwy + (1− λ)zy).
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