
SA305 – Linear Programming Spring 2014
Asst. Prof. Nelson Uhan

Lesson 8. Production Process Models, cont.
Problem. Alvin Fine produces three perfumes from raw material. �irty thousand ounces of raw material is
available. Each ounce of raw material can be transformed into 0.4 ounces of perfume 1, 0.3 ounces of perfume
2, and 0.2 ounces of perfume 3, while 0.1 ounces is lost as waste material. Each ounce of perfume 1 can be
further processed into 0.6 ounces of perfume 2, 0.3 ounces of perfume 3, and 0.1 ounces of waste material.
Alvin Fine has been contracted to produce at least 4000 ounces of perfume 1, 8000 ounces of perfume 2, and
10000 ounces of perfume 3. Because of its environmental initiatives it wishes to minimize waste material.
Formulate a linear program that determines how much perfume to produce while minimizing waste.

Solution from class. In class on Friday, we proposed the following linear program for this problem:

Decision variables.

r = amount of raw material used
x1r =amount of raw material transformed into perfume 1
x2r =amount of raw material transformed into perfume 2
x3r =amount of raw material transformed into perfume 3
wr =amount of raw material transformed into waste
x1 f = amount of perfume 1 further processed
x21 = amount of perfume 1 transformed into perfume 2
x31 = amount of perfume 1 transformed into perfume 3
w1 = amount of perfume 1 transformed into waste
x1 = amount of perfume 1 produced to meet demand
x2 = amount of perfume 2 produced to meet demand
x3 = amount of perfume 3 produced to meet demand

Objective function and constraints.

minimize wr +w1 (1a)
subject to r ≤ 30000 (1b)

x1r = 0.4r, x2r = 0.3r, x3r = 0.2r, wr = 0.1r (1c)
x1r = x1 f + x1 (1d)
x21 = 0.6x1 f , x31 = 0.3x1 f , w1 = 0.1x1 f (1e)
x2 = x2r + x21 (1f)
x3 = x3r + x31 (1g)
x1 ≥ 4000, x2 ≥ 8000, x3 ≥ 10000 (1h)
r, x1r , x2r , x3r ,wr , x1 f , x21, x31,w1, x1, x2, x3 ≥ 0 (1i)

�e objective (1a) minimizes the total waste produced. Constraint (1b) ensures that Alvin Fine does not
use more raw material than is available. Constraints (1c) ensures that raw material is transformed into the
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three perfumes and waste in the correct proportions. Constraint (1d) ensures that the amount of perfume 1
transformed from rawmaterial, x1r , is equal to the amount of perfume 1 produced to meet demand, x1, plus the
amount of perfume 1 further processed, x1 f . Constraints (1e) ensures that the perfume 1 that is further processed
is transformed into the two other perfumes and waste in the correct proportions. Constraint (1f) ensures
that the amount of perfume 2 produced to meet demand, x2, is equal to the amount of perfume 2 produced
from both raw material, x2r , and perfume 1, x21. Constraint (1g) does the same as constraint (1f), except for
perfume 3. Constraints (1h) ensure that demands for the three perfumes are met. Finally, constraints (1i)
ensure that the amounts of perfumes and waste are nonnegative.

An alternate solution. Here is an alternate, but equivalent linear program:

Decision variables.

r = amount of raw material used
y = amount of perfume 1 further processed
x1 = amount of perfume 1 produced to meet demand
x2 = amount of perfume 2 produced to meet demand
x3 = amount of perfume 3 produced to meet demand

Objective function and constraints.

minimize 0.1r + 0.1y (2a)
subject to r ≤ 30000 (2b)

y + x1 = 0.4r (2c)
x2 = 0.3r + 0.6y (2d)
x3 = 0.2r + 0.3y (2e)
x1 ≥ 4000, x2 ≥ 8000, x3 ≥ 10000 (2f)
r, y, x1, x2, x3 ≥ 0 (2g)

�e objective (2a) minimizes the total waste produced. Constraint (2b) ensures that Alvin Fine does not use
more raw material than is available. Constraint (2c) ensures that the amount of perfume 1 transformed from
raw material, 0.4r, is equal to the amount of perfume 1 produced to meet demand, x1, plus the amount of
perfume 1 further processed, y. Constraint (2d) ensures that the amount of perfume 2 produced to meet
demand, x2, is equal to the amount of perfume 2 produced from both raw material, 0.3r, and perfume 1, 0.6y.
Constraint (2e) does the same as constraint (2d), except for perfume 3. Constraints (2f) ensure that demands
for the three perfumes are met. Finally, constraints (2g) ensure that the amounts of perfumes are nonnegative.

Commentary. It’s not too hard to see that these two linear programs are equivalent (this is le� as an exercise
for you). Although the �rst model has more variables, one might argue that it is easier to understand, since the
decision variables and constraints more closely re�ect the di�erent stages of Alvin Fine’s production process.
Of course, this is somewhat a matter of personal taste.

Rule of thumb: an optimization model that is easier to understand is better.
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