
Review

Dynamic Programming

Formulating dynamic programs – two ways

● A dynamic programmodels situations where decisions are made in a sequential process in order to optimize
some objective

● Stages t = �, �, . . . , T
○ stage T ↔ end of decision process

● States n = �, �, . . . ,N ← possible conditions of the system at each stage

● Two representations: shortest/longest path and recursive

Shortest/longest path Recursive

node tn ↔ state n at stage t
edge (tn , (t + �)m) ↔ allowable decision xt in state n at stage t that results in

being in state m at stage t + �
length of edge (tn , (t + �)m) ↔ cost/reward of decision xt in state n at stage t that results

in being in state m at stage t + �
length of shortest/longest path from

node tn to end node
↔ cost/reward-to-go function ft(n)

length of edges (Tn , end) ↔ boundary conditions fT(n)
shortest or longest path ↔ recursion ismin ormax:

ft(n) =min or max
xt allowable

��������
cost/reward of
decision xt

�+ ft+�� new state
resulting
from xt

��������
source node �n ↔ desired cost-to-go function value f�(n)

● Note that the length of edge (Tn , end) is often �, but not always!
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Example �. Simplexville Oil needs to build capacity to re�ne �,��� barrels of oil and �,��� barrels of gasoline per day.
Simplexville can build a re�nery at � locations. �e cost of building a re�nery is as follows:

Oil capacity per day Gas capacity per day Building cost (�millions)

� � �
���� � �
� ���� �

���� ���� ��

�e problem is to determine howmuch capacity should be built at each location in order to minimize the total building
cost. To make things a little simpler, assume that the capacity requirements must be met exactly.

a. Formulate this problem as a dynamic program by giving its shortest path representation.
b. Formulate this problem as a dynamic program by giving its recursive representation. Solve the dynamic program.

� Review – Dynamic Programming

Ot
length of  red edges

0 ← length of blue  edges

C) ← length of  Orange  edges

0 ← length of green  edges

a. Stages : t=l
,

2 - building at location t t  =3 c- end of process

States : ( ni
,

nz ) - n
,

oil capacity and nz gas  capacity still needed to be built

( in 10005 ) for n
,

c- { 0,1 } and nze {0/1,2}

Find the shortest path :IIIIIth>
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b. Stages : t=l
,

2 - building at location t t  =3 c- end of process

States : ( ni
,

nz ) c- n
,

oil capacity and nz gas  capacity still needed to be built

( in IOOOD for n
,

c- { 0,1 } and nze {0/1,2}

Allowable decisions  xt  at  stage t  and state ( n
, ,n . ) :

t= 1,2 : Xt  = ( xti
,

Xtz ) ←> build xt ,
oil capacity and xtz gas  capacity at location t

xt  must  satisfy : ( xt , ,x+z)E{ ( 0,0 )
,

( 1,0)
,

( 0,1 )
,

( 1,1 ) }
Xt ,

E n
,

Xu E Nz

0 if  xt  = ( 0,0 )
Cost  of  x+  at  stage t and state ( ni

,
nz ) : 5 if  xt= ( 1,0 )dat #¥HEYips

Cost . to .

go
function : ft ( ni ,nD=  minimum  cost to build n

,
oil capacity and nz gas  capacity

with locations t
,

TH
,

... for t=l , 2,3 ; n
,

= 0,1 ; nz = 0,1 ,
2

0 if ( n
,,nz)= ( 0,0 )

Boundary conditions :ffn, ,nz)={+ • %for  n ,=o ,
l ; nz=0 , 1,2

Recursion : ftcn , ,nD= min { CGT , ,xtD+f+,(n ,
- xt , ,nz.x+z)}

for
t=h4 ni= Oil 's

(XH
,

Xtz ) Nz= 0,1 ,
2

allowable

Desired cost . togo value
: f. ( 1,2 )



Solving backwards :

Stage 3 : f- ( n
, ,nz)= {

° if ( num )=C 0,0 )
for  n

,
= 0,1 ; nz=0 , 1,2

( boconmddiarjhs ) +  a %

to  to  to  +  a

Stage 2 : fz ( 1,2)=min{0+-5,42 ) ,5+fs( 0,2 )
,

7 + fs ( 1. D
,

l4+f3( 0,1 ) }= to

to  to to O

f. ( 1,1)=min{ otfsan) ,5+fs( 0,1) ,
7- + fs (1,0 )

,Htfdoo ) }= 14

to  0

f. ( to)=min{ otf,G,o ) ,5+fs(0,0 ) } = 5

too  too

fz( 0,2 )=min{ Otfsco ,D
,

7 + fs (0,1 ) }= too

too  0

fz( 0,1 )=min{ Otfsco ,D
,

7 + fs( 0,0 ) }=7 xz=( 0,1 )

fz ( o ,o)=min{otfslo,o ) }#
too  to  14

7

stage I : f. ( 1. 2) =min{ Otfdi ,D
,

5 + ffo,D
,Ftfd 1,1 )

, 14 + from }= 21 x ,=( in )
desired -

(cost . togo)

Note that x. =( al ) and xz=C 1,1 ) is  also  an  optimal solution
.


